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3. CIRCLES 
 

§3.1. The Equation of a Circle 
 A circle, with centre c and radius r > 0 is the set 

of all points, z, in the complex plane where |z − c| = r. 

Since quadratics have at most two solutions two circles, 

or a circle and a line, intersect in at most 2 points. 

 A radius, apart from being a length, is also a line 

joining the centre to a point that lies on the circle. 

 The term circumference is often used to 

distinguish the circle itself from the plane figure that 

includes the interior. However, as I use the word circle 

to just be the boundary it is unnecessary to use the word 

circumference – at least in this sense. But 

circumference is also used to refer to the length of the 

circle. 

 A tangent to a circle c at a point P is a line, t, 

such that c  t = {P}. A normal usually refers to a line 

that is perpendicular to a tangent, but it is unnecessary 

here because normals are just radii, as the next theorem 

shows. 

 

 A circle has a high degree of symmetry. Given 

any circle, and a point on that circle, we can take the x- 

to pass through that point and adopt a scale that makes 

this point become the number 1 in the complex plane. 

None of this will affect the geometrical properties. So 

we say that, without loss of generality we take the circle 
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to be the unit circle x2 + y2 = 1, and the point to be the 

complex number 1. 

 

Theorem 1: The radius joining the centre of a circle to a 

point on the circle is perpendicular to the tangent at that 

point. 

Proof: Without loss of generality we may take the circle 

to be the unit circle and the point to be 1. 

Consider the line y = m(x − 1). It cuts the circle when 

x2 + m2(x − 1)2 = 1. 

This is where (m2 + 1)x2 − 2m2x + (m2 − 1) = 0. 

This has a unique solution when: 

4m4 = 4(m2 + 1)(m2 − 1) = 4(m4 − 1). 

 But this is impossible, and so no line of the form 

y = m(x − 1) can be a tangent. 

 

 The only line through 1 that can’t be put in the 

form y = m(x − 1) is the vertical line x = 1. So there is 

only one tangent at this point, and hence there is only 

one tangent at any point. Moreover the line joining the 

centre to this point is perpendicular to the tangent and so 

the line joining the centre of any circle to any point on 

the circle is perpendicular to the tangent at that point. 

 

 A chord of a circle is a line segment joining two 

points on the circle. A chord that passes through the 

centre is called a diameter. A semicircle is the set of 

points that lie on one side of a diameter (including the 

diameter itself). 
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Theorem 2: The angle in a semicircle is 90. 

Proof: Take the circle to be the unit circle. We will 

consider the points as vectors. Let the endpoints of the 

diameters be u and − u. Let v be any point on the circle. 

The vectors with the same length and direction of the 

line segments from each of the endpoints to v are v + u 

and v − u. Since (v + u).(v − u) = |v|2 − |u|2 = 1 − 1 = 0, 

these line segments are perpendicular. 

 

Theorem 3: The perpendicular bisector of a chord of a 

circle passes through the centre. 

Proof: Take the circle to be the unit circle and suppose 

that the chord joins u, v. 

The midpoint of the chord is 
u + v

2
  and this represents 

the line segment joining the centre at 0 to this midpoint. 

The vector that represents the line segment from u to v is 

v − u. Since (u + v).(v − u) = |v|2 − |u|2 = 1 − 1 = 0, these 

line segments are perpendicular. 

 

Theorem 4: The angle subtended by a chord at the 

centre of a circle is twice the angle subtended at the 

circle (circumference). 

Proof: Let A, B, C lie on a circle 

with centre D. Then ACD, BCD 

and ABD are isosceles. 

Let ACD = DAC = . 

Let BCD = CBD = . 

Let BAD = DBA = . 

C  

B    A    

D   
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The angle subtended by AB at the centre is 180 − 2. 

Now considering the angles of ABC: 

2( +  + ) = 180 − 2 = 2( + ) = twice the angle 

subtended at C. 

 

Now the diagram is not quite typical in that the interval 

BC may intersect the interval AD or the interval AC 

may intersect the interval DC. As an exercise, draw 

these other two situations and check that the above 

method leads to a correct solution (by changing the sign 

of one of the angles). 

 

§3.2. Circles and Triangles 
 The equation of a general circle is: 

(x − a)2 + (y − b)2 = r2. 

With three parameters we can expect to solve for a, b, r 

if we know three points that lie on the circle. But not 

every triple of points lie on a circle. However, we can 

show that the only exception is where we have three 

collinear points. But this will never be the case if the 

three points are the vertices of a (non-degenerate) 

triangle. 

 So, given a triangle there’s a unique circle passing 

through its vertices. This is called the circumcircle. Its 

centre is the circumcentre of the triangle and its radius 

is the circumradius. 

 The following extended form of the Sine Rule 

appeared in Geometry Revisited (1967) by H.S.M. 

Coxeter and S.L. Greitzer. 
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Theorem 5: If the circumradius of ABC is R then: 
AB

sin C
  = 

BC

sin A
  = 

CA

sin B
  = 2R. 

Proof: Let CD be the diameter through C. 

 

 

 

 

 

 

 

Then DBC = 90, being the angle in a semi-circle. 

Hence sin A = sin D = 
BC

2R
 , and so 

BC

sin A
  = 2R. 

Repeating this for the other two vertices, we get the 

result. 

 

Theorem 6: The perpendicular bisectors of the three 

sides of a triangle are concurrent. 

Proof: They all pass through the circumcentre. 

  

A  

B    

C  
O   D  
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